




















Violation of Bell’s Inequality with Continuous Variables and Fractional Fourier
Transforms
S. P. Walborn,∗ D. S. Tasca, M. P. Almeida, and P. H. Souto Ribeiro
Instituto de F´ısica, Universidade Federal do Rio de Janeiro,
Caixa Postal 68528, Rio de Janeiro, RJ 21941-972, Brazil
P. Pellat-Finet
Groupe d’Optique The´orique et Applique´e, Universite´ de Bretagne Sud, B. P. 92116, Lorient cedex, France and
De´partement d’Optique, UMR CNRS 6082, E´cole Nationale Supe´rieure des Te´le´communications de Bretagne, France
C. H. Monken
Departamento de F´ısica, Universidade Federal de Minas Gerais,
Caixa Postal 702, Belo Horizonte, MG 30123-970, Brazil
(Dated: December 19, 2006)
As originally formulated, Bell inequalities are expressed in terms of two-dimensional dichotomic
observables. For this reason, systems like spin 1/2 particles and photon polarization were immedi-
ately identified as suitable for experimental realization of Bell inequalities violations. Continuous
variable systems can also be used to display quantum nonlocality, but discretization is always neces-
sary in order to implement a test of Bell’s inequality. Here we show that violation of a Bell inequality
is possible with the the transverse momentum of photons produced by parametric down-conversion
when one discretizes the system and uses fractional fourier transforms for implementing rotations
in the phase space. We present a multimode quantum calculation of the coincidence count rates,
which predicts the violation of the CHSH inequality for realistic experimental parameters. We also
provide a more pedagogical and intuitive explanation of these results based on Klyshko’s advanced
wave picture and geometric optics.
I. INTRODUCTION
The discussion about non-local correlations between
properties of two separated particles began with the fa-
mous “EPR” paper [1]. Einstein, Podolsky and Rosen
used the position and momentum of two correlated par-
ticles to construct a paradox between the quantum theory
and intuitive concepts like locality and reality of physical
properties. It may be somewhat surprising that thirty
years passed before anyone returned to the problem and
proposed a method to test quantum mechanics against
local realistic theories. It was in 1965, that John Bell de-
veloped such a test [2]. However, instead of position and
momentum of two particles, his derivation was inspired
by David Bohm’s version of the EPR paradox [3], which
is based on a correlation between spin-1/2 particles. In
addition to the fundamental aspect concerning the non-
locality and completeness of quantum mechanics, the vi-
olation of a Bell inequality has become a useful way to
prove the non-classical character of correlations between
the properties of two particles. Therefore, as the inequal-
ity does not apply in principle to continuous variables, a
number of systems which present correlations between
continuous observables could not be checked with this
kind of test. In fact, John Bell [4] argued that position
and momentum of particles could not be used in Bell in-
equalities because a typical EPR state can be described
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by a positive Wigner function and therefore an obvious
hidden variable model.
On the one hand, despite these arguments against the
use of continuous variables in this context, it has been
demonstrated theoretically [5, 6, 7, 8] and experimen-
tally [9], that continuous variables can indeed be used
to violate Bell’s inequalities. On the other hand, since
these variables are required to be dichotomic, one has to
discretize the measurements of the continuous variable,
in order to apply a Bell inequality. Banaszek et al. [6]
demonstrate that a Bell inequality can be violated for a
state with positive Wigner functions. The observable re-
lated to the direct measurement of the Wigner function
is the displaced parity operator, which is a dichotomic
observable. It was pointed out by Kusmich et al.[9] that
the state of a given system is not enough to determine
whether it is suitable or not for this kind of experiment.
One must also take into account, the observables mea-
sured.
In this paper, we present a theoretical treatment which
enables us to predict the coincidence count rate and con-
sequently predict the correlation functions for a Bell in-
equality experiment using the transverse momentum of a
pair of photons. We consider the experiment reported in
reference [10], which It consists of performing correlated
measurements of the generalized transverse momentum.
of photons. Particular cases of this physical property are
the position and ordinary momentum. The generaliza-
tion is obtained with the optical implementation of the
Fractional Fourier Transform (FRFT) [11, 12, 13, 14] of
the field at the source. For this reason we have chosen
2to refer to this generalized momentum as the fractional
momentum of the photon. In practice, a projection onto
an arbitrary fractional momentum can always be imple-
mented with propagation through lenses.
This paper is organized as follows. First we introduce
the Bell-Clauser-Horne-Shimony-Holt inequality and dis-
cuss the discretization of the transverse momentum and
the measurements necessary to implement an experimen-
tal test. In section III, we calculate the coincidence
count rates using a multimode quantum theory. This
theoretical approach was developed by Monken et al.
[15] and used to described a number of experiments ex-
ploring the transverse spatial correlations between twin
photons[16, 17, 18, 19, 20, 21, 22, 23]. The results
show that the Bell inequality can be nearly optimally
violated. In section IV, we present a simple and intuitive
method for calculating the coincidence count rates based
on Klyshko’s advanced wave picture and ray optics. In
this case the coincidence count rates are proportional to
portions of a phase space distribution, which are easily
calculated using simple geometry. In both cases, our the-
oretical results are in agreement with the experimental
results presented in reference [10].
II. THE BELL-CHSH INEQUALITY
The majority of experiments testing quantum non-
locality rely on violation of the Bell-Clauser-Horne-
Shimony-Holt (CHSH) inequality [24, 25], which, for any
classical hidden variable theory, predicts −2 ≤ S ≤ 2,
where
S = E(α1, α2)+E(α1, α4)+E(α3, α2)−E(α3, α4), (1)
and
E(α, β) =
C(α, β) + C(α¯, β¯)− C(α¯, β)− C(α, β¯)
C(α, β¯) + C(α¯, β¯) + C(α¯, β) + C(α, β¯)
(2)
is the correlation function and C(α, β) is the number of
coincidence counts for analyzer settings α and β. The
Bell-CHSH inequality in this form is applicable to di-
chotomic observables, so that a measurement in the α
basis gives either result α or α¯ with respective probabil-
ities P (α) and P (α¯), and P (α) + P (α¯) = 1. It is well
known that, in contrast to classical theories, for certain
measurements on appropriate two-level systems quantum
mechanics predicts values up to |S| = 2√2, known as
Cirel’son’s bound [26].
Consider the experiment outlined in Fig. 1, in which
a pair of photons created by spontaneous parametric
down-conversion (SPDC) pass through separate optical
lens systems and are detected at detection planes Ps and
Pi. Here s and i refer to the “signal” and “idler” pho-
tons. The lens systems will be used to implement the
fractional Fourier transform of the signal and idler fields,
each transformation being characterized by a variable or-














FIG. 1: Schematic of the proposed experiment.
be discussed in more detail below, for now it suffices to
mention that the parameters φs and φi will play the role
of analyzer settings for the CHSH inequality.
Here we will be working with the transverse spatial
degrees of freedom of the photon pairs, which are con-
tinuous degrees of freedom. Thus, in order to use the
CHSH inequality in the form (1), it is necessary to di-
chotomize the transverse spatial variables [6, 7, 8, 27].
We will do this by simply dividing the detection region
into two regions, an upper “+” region and a lower “−”





denotes the number of events in which both the signal
and idler photons fall in the “+” region. Any coincidence














The rest of this paper will be dedicated to calculation
of the coincidence count rates C(φs, φi). In section III we
use the usual multimode quantum optics formalism, and
in section IV we adopt a more intuitive and pedagogical
approach using ray optics and Klyshko’s advanced wave
picture [28]. In both cases that it is possible to violate
the Bell-CHSH inequality (1) with realistic experimental
parameters.
III. MULTIMODE QUANTUM THEORY
Let us assume that a φs-order FRFT is performed on
the signal field and a φi-order FRFT on the idler field.
The coincidence count rate for a point detector placed
at position ρs in the signal beam and a point detector
placed at position ρi in the idler beam is proportional to








FIG. 2: A simple optical system which implements the FRFT.
Here F is the focal length of the lens, and z = 2l sin2(φ/2).
|Ψ(ρs, φs;ρi, φi)|2, where
Ψ(ρs, φs;ρi, φi) = 〈vac|Eφs(ρs)Eφi(ρi) |ψ〉 , (3)
is the two-photon detection amplitude. Here |ψ〉 is the
two-photon state at the source and E(ρ, φ) is the field
operator which detects a photon at transverse position
ρ = (x, y). The field operator for the optical FRFT will
be calculated in section III B.
The coincidence count rate for a signal and idler detec-
tors with detection apertures As(ρs) and Ai(ρi) is ob-
tained by integrating the two-point detection probability
P (ρs, φs;ρi, φi) over the detection apertures:
C(φs, φi) =
∫∫
dρsdρiP (ρs, φs;ρi, φi)As(ρs)Ai(ρi).
(4)
There has been much work dedicated to describing the
two-photon state produced by SPDC. In the thin crystal
and monochromatic approximations, the post-selected
two-photon state |ψ〉 at the crystal face is [15, 19]
|ψ〉 =
∫∫
dqsdqiv(qs + qi)γ(qs − qi) |qs〉 |qi〉 , (5)
where v(q) is the angular spectrum of the pump beam at
the crystal face, γ(q) is the phase matching function of
the non-linear crystal, and qs and qi are the transverse
components of the wave vector. For simplicity, we will
assume that the down-converted photons are degenerate,
that is ks = ki = K/2, where K is the magnitude of the
pump beam wave vector. In this case, γ(q) is given by












A. Optical Fractional Fourier Transform
Let us briefly review some important aspects of the
FRFT and it’s optical implementation. Since it’s first
appearance in 1929 [29], the FRFT has found widespread
use in quantum mechanics [30, 31, 32] as well as signal
processing and optics [33]. The FRFT of order φ of an
input optical field E(ρ) can be defined as [14]




















where ρ and ξ are two-dimensional variables, k is the
magnitude of the wave vector, and f is type of a scaled
focal length. We note that φ = pi/2 corresponds to the
usual Fourier transform, while φ = pi corresponds to the
usual 2f imaging system. Just as the Fourier transform
appears naturally in the context of Franhauffer diffrac-
tion, it has been shown that the FRFT appears in the
Fresnel diffraction regime [14]. It has also been shown
that one can implement a FRFT using lenses [13, 34]. For
example, consider the symetrical optical system shown
in Fig. 2. Here l is the focal length of the lens and z is
the propagation distance before and after the lens. Us-
ing z = 2l sin2(φ/2) and f = l sinφ, it has been shown
that this optical system implements the FRFT operation
given by Eq. (7).
B. Field Operator for FRFT system
Using usual methods in Fourier optics, the paraxial
field operator for a single-lens fractional Fourier trans-




















The operator Eφ(ρ) destroys a photon at detector trans-
verse position ρ = (x, y) at the output plane. We note
that the operator a(q′) is expressed in terms of the in-
put plane q-vector coordinates. Using z = 2l sin2(φ/2),






















where f = l sinφ is the scaled focal length of the lens
with focal length l [13], which allows for identification
with the FRFT given in Eq. ((7)). One can see that Eq.
(9) is similar, but not identical to the FRFT given by Eq.
(7). In fact, the tangent and cosine functions appear in
(9) instead of cotangent and sine functions due to the fact
that the FRFT is now being performed in q-space. For











We will now calculate the detection amplitude for the
correlation functions necessary in Eq. (2). For simplicity,





The detection amplitude Ψφs,pi2 (ρs,ρi) associated with
a φs FRFT on the signal photon and a pi/2 FRFT on the
idler photon is
















v(qs + kρi/f)γ(qs − kρi/f). (11)
Let us assume that the angular spectrum v(q) of the
pump beam is much narrower than the phase matching
function γ(q). Then, one can see immediately from Eq.
(11) that Ψφs,pi2 (ρs,ρi) is a φs-order FRFT of the func-
tion v(qs + kρi/f). Defining ζ = qs + kρi/f , Eq. (11)
can be put in the form





























which is a shifted fractional Fourier transform. The shift
is given by the factor − sinφsρi.
Let us suppose that the angular spectrum of the pump
beam is a Gaussian function, given by
v(q) = exp(−q2/2σ2). (13)
Then, performing the shifted fractional Fourier transform
in Eq. (12), the detection amplitude is
























while the detection probability is
Pφs,pi2 (ρs,ρi) ∝ exp
[
−σ2 (ρs + sinφsρi)
2





We have written Eq. ((??)) in terms of the pump beam




) for detectors equipped with half plane apertures
is given by integrating Eq. (15) over the areas defined by
the apertures, as shown in Eq. (4).
D. φs–pi Correlation
The detection amplitude Ψφs,pi(ρs,ρi) for a φs FRFT




















dqi exp(−iρi · qi)
v(qs + qi)γ(qs − qi). (16)
Changing coordinates to
Q = qs + qi,


















































The dP integration can be performed using the convolu-

















dQv(Q) exp [iQ · (R+ η − S)] ,
(19)
where Γ(ρ) is the Fourier transform of the phase match-
ing function γ(q).The dQ integral is simply the field pro-
file of the pump beam at z = 0:
U(ρ) ∝
∫
dqv(q) exp(iq · ρ). (20)
















Γ(η)U(R+ η − S). (21)
If the angular spectrum v(q) of the pump beam is much
narrower than the phase matching function γ(q), as was
assumed in section III C, then the reverse is true for the
Fourier transforms of these functions. That is, Γ(ρ) must
be narrower than U(ρ). Then, approximating U(vectR+




































The function Γ(η) is the Fourier transform of the phase
matching function γ(q). In the degenerate case, Γ(η) ∝
1− 2Si(Kη2/4L)/pi [36], where Si(x) is the sine integral.
It is reasonable to approximate Γ(η) by a Gaussian func-
tion of the form
Γ(η) = exp(−η2/2δ2). (23)







δ2(sin2 φs + 4∆4 cos2 φs)
]
, (24)
where ∆ = δ2K/f The detection probabilities for both
the φi = pi/2 case (15) and the φi = pi case (24) are
shifted Gaussian functions. In both cases, the center
of each function depends on the angle φs of the sig-
nal FRFT. To violate Bell’s inequality in this context,
it is necessary to choose different sets of angles φs and
φi. For polarization-based Bell’s inequality experiments,
it is customary to use the polarizer angles 0◦ and 45◦
at one analyzer, and the intermediate angles 22.5◦ and
67.5◦ at the other. Here we have calculated the de-
tection probabilites for FRFT orders pi/2 and pi, and
it thus seems natural to choose the intermediate orders
φs = {φ2 = 5pi/4, φ4 = 3pi/4} for the signal analyzer set-
tings. We note that, using a single lens, it is possible to
implement an optical FRFT up to order φ = pi. However,
larger orders, such as φ = 5pi/4 can be performed using
two lenses, due to the additivity property of the FRFT
[11, 12].
TABLE I: Type of correlation for correlation functions. The
position dependence is shown up to a scaling factor.
φs φi position dependence type of correlation
















Before we determine a numerical prediction for the vi-
olation of the CHSH inequality, let us analyze our results
in a qualitative manner. In order to violate Bell’s inequal-
ity, it is necessary that three of the correlation functions
in the CHSH inequality (1) have the same sign, while the
fourth must have the opposite sign. In other words, if
three of the correlation functions show a correlation, the
fourth must show an anti-correlation. When the coinci-
dence detection probability depends on the sum of the
detector positions, we observe an anti-correlation in the
coincidence detections, and when the detection probabil-
ity depends on the difference of the detector positions,
a correlation is observed. In order to violate the CHSH
inequality, it is thus necessary that three of the detection
probabilities display the same type of correlation, while
the other displays the opposite type. Table I shows the
type of correlation which should be observed for the four
correlation functions.
Through numerical integration, we can show the vi-
olation of inequality (1) using typical experimental pa-
rameters. Considering that the pump beam profile is a
Gaussian with width w = 4mm, the width of the an-
gular spectrum is σ = 1/w = 0.25mm−1. The width
of the function Γ(ρ), measured for a 5mm long LiIO3
crystal, using 10nm FWHM interference filters, is about
5µm [37]. Using δ = 5µm, K = 442nm, l = 500mm, and
considering a total detection region of 12mm, we obtain
E(3pi/4, pi/2) = 0.61, E(3pi/4, pi) = 0.61, E(5pi/4, pi/2) =
0.73, E(5pi/4, pi) = 0.73, giving S = E(5pi/4, pi) +
E(3pi/4, pi)+E(5pi/4, pi/2)−E(3pi/4, pi/2) = 2.68, a vio-
lation of the Bell-CHSH inequality.
IV. ADVANCED WAVE PICTURE AND RAY
OPTICS
A. Advanced Wave Picture
Klyshko’s advanced wave picture (AWP) [28] along
with ray optics allows us to provide a simple and intu-
itive explanation of a Bell’s inequality experiment based
on optical FRFT’s. The AWP is a useful method for cal-
culating the coincidence count rate, in which we imag-
ine that–say–the signal detector at plane Ps is a source
emitting a field in the reverse direction back towards the























FIG. 3: a) Advanced wave picture applied to Bell’s inequality
experiment with fractional Fourier transforms. b) Topological
equivalent of a), up to a reflection of the field.
field to detection plane Pi. The coincidence detection
probability is determined by the probability to detect an
“emitted” signal photon at the idler detector on plane
Pi. In other words, the fourth-order correlation function
is given by calculation of the second-order correlation
function in the AWP representation. The AWP is known
to produce results equivalent to those obtained with the
standard methods [38].
FIG. 3 a) shows an illustration of the AWP applied to
the experiment shown in FIG. 1, and FIG. 3 b) shows
a topological equivalent. For simplicity, let us work in
the context of ray optics, and suppose that an initial ray
rs = (ρs, θs) is “emitted” from the signal detector. Here
we consider only one spatial dimension. In ray optics,
a paraxial ray r = (ρ, θ) is represented by its transverse
coordinate ρ and the angle θ it makes with the paraxial
direction of propagation. The angle θ is related to the





According to the AWP, after passing through the two
FRFT systems and “reflecting” from the crystal face, the
ray at the idler detector will be given by ri = FφiFφsrs,
where Fφ is the operation which describes the optical
FRFT system. We will now briefly discuss the FRFT
operation in ray optics.
B. Fractional Fourier Transform in Ray Optics
Consider the symmetrical lens system shown in FIG.
2. Free propagation of an optical ray can be represented







where z is the propagation distance. Passage through a







where l is the focal length of the lens. Choosing z =
2l sin2(φ/2) and defining f = l sinφ as a scaled focal
length, the complete optical FRFT system is given by
the matrix








Matrix (28) represents a φ-order FRFT, and is recog-
nized as a rotation matrix scaled by f . This scaling is
necessary since ρ has dimension of length and θ is adi-
mensional, and thus scaled focal length f acts on θ so that
fθ has dimension of length. If the scaled focal lengths f
of two FRFTs are equal, it is easy to see from the ray
matrix in Eq. (28) that the FRFT is additive, that is
Fφ1Fφ2 = Fφ1+φ2 , such that the order of the combined
optical FRFT is φ1 + φ2.
We can now define a fractional Fourier ray rφ as






The ordinary Fourier transform is obtained from Fφ by
setting θ equal to pi/2, and one can see that the fractional
Fourier ray rφ can be expressed in terms of the original
ray r and its Fourier ray rF = Fpi
2
r as
rφ = cos(φ)r + sin(φ)rF . (30)
Detection of the fractional Fourier ray gives us informa-
tion about its transverse coordinate ρφ, which is a linear
combination of ρ and θ:
ρφ = cos(φ)ρ + sin(φ)fθ. (31)
Returning now to the AWP, using the additivity prop-
erty of the FRFT, the idler ray is a fractional Fourier ray,
given by the combined FRFT of the signal ray:
ri = FφiFφs rs = Fφs+φirs. (32)
Eq. (32) illustrates the fact that the coincidence count
rate depends on the sum of the individual FRFT orders.
Let us now consider an example which illustrates the
use of the AWP to calculate the coincidence count rate.
Suppose that φs = φi = pi/2 so that φs + φi = pi, which
corresponds to an imaging system. In this case Eq. (30)













FIG. 4: a) Phase space distribution of an optical field. c) The
φ-order FRFT corresponds to a rotation of angle φ in phase
space.
the AWP predicts that there will be coincidence counts
only when it is placed at position ρi = −ρs. This type
of correlation was indeed observed in [40]. Consider now
that the spatial profile of the source (signal detector) is
described by some function s(ρs) and the detector (idler
detector) is described by the function d(ρi). When φs +
φi = pi, the image of the source is formed on the detection
plane (ri = −rs), and thus the coincidence count rate is
proportional to the product of the source function and
detector function: s(−ρi)d(ρi).
In general, the position component of the fractional
Fourier ray (31) depends on the original θ component.
So, in order to accurately calculate the coincidence de-
tection probability for a general φ-order FRFT system,
we must consider the complete position and angle distri-
bution of the signal field.
C. Phase Space Representation
There is a convenient phase space representation of
an optical field that can be constructed using the com-
ponents of the ray vector [11, 13]. A ray r = (ρ, θ) is
represented by a point in phase space, while an optical
field, which can be viewed as a bundle of rays, corre-
sponds to a given phase space distribution. Suppose that
the field “emitted” by the signal detector is given by the
distribution H(ρ, θ), as shown in Fig. 4 a). Let us re-
turn now to our example in which φs + φi = pi. In this
case, the ray rs = (ρ, θ) is mapped to ri = (−ρ,−θ).
As illustrated in Fig. 4 b), the phase space distribution
of the field at the idler detector is equal to the origi-
nal distribution, reflected about both the ρ and θ axes:
Hi(ρi, θi) = Hs(−ρs,−θs). In general, the effect of a











FIG. 5: a) AWP phase space distribution at the signal de-
tector corresponding to a “+” measurement. For different
measurement combinations, this distribution is rotated shown
in b) for φs + φi = 5pi/4. The detection probabilities can be
calculated by determining the portion of the distribution that
falls in the the positive (ρ > 0) or negative ρ < 0 half of phase
space.
space distribution by an angle φ in phase space [11, 13]:
H(ρ, φ) −→ H(ρφ, θφ)




Thus, using the AWP, the phase space distribution of
the idler field is given by phase space distribution of the
signal field, rotated by an angle φi+φs, as shown in Fig.
4 c).
D. Bell’s Inequality Violation
Let us consider an optical field with uniform position
distribution ∆ρ and angle distribution ∆θ, which is rep-
resented in phase space by a rectangle. In the Bell in-
equality experiment we are considering here, the detec-
tion planes are divided into two halves (a “φ+” region
and a “φ−” region). We will consider only one spatial
dimension, so that the “+” region corresponds to ρ > 0
and the “−” region to ρ < 0. Let us assume that the
initial field “emitted” by the signal detector is approxi-
mately described by the phase space distribution in FIG.
5 a), which corresponds to an upper ”+” measurement,
with only positive values of ρ. Upon propagation through
the two FRFT systems, this phase space distribution will
rotate an angle φs + φi, as illustrated in Fig. 5 b).
The detection probabilities can then be determined by
considering different areas of the idler phase space dis-
tribution. For example, the coincidence count rate for
detecting both signal and idler photons in the “+” detec-
tion region C(φ+s , φ
+
i ) can be calculated by determining
the portion of the idler phase space distribution that lies
in the positive-ρ half of phase space, while detecting the
signal photon in the “+” region and the idler photon in
the “−” region C(φ+s , φ−i ) corresponds to the negative-







FIG. 6: The coincidence rate is proportional to the area above












FIG. 7: Phase space rotations for different measurement com-
binations: a) φs + φi = 7pi/4 and b) φs + φi = 9pi/4. The
detection probabilities can be calculated by determining the
portion of the distribution that falls in the the positive (ρ > 0)
or negative ρ < 0 half of phase space.
reference, provided that ∆ρ > ∆θ/2 tan(φs + φi), then
C(φ+s , φ
−

























where A+ (A−) is the area of the phase space distri-
bution on the positive (negative) side of the θ axis,
Atotal = A+ + A− is the total area, and N is a pro-
portionality constant. Here, as mentioned before, f is
needed to maintain proper dimension [11]. Similarly, if
we start with an initial phase space distribution corre-
sponding to a “−” signal measurement (the same rect-
angle but reflected around the θ axis), we can determine
C(φ−s , φ
+




i ). In this manner, it is possible
to calculate a theoretical prediction for the value of the
correlation functions E(φs, φi) of the type defined in Eq.
(2). Specifically, for the geometry shown in Fig. 6,
E(φs, φi) = 1− 2f∆θ
8∆ρ
tan(φs + φi). (36)
As possible FRFT angles let us choose φs = {φ1 =
pi, φ3 = pi/2} and φi = {φ2 = 5pi/4, φ4 = 3pi/4}, so
that φs + φi is equal to either 5pi/4, 7pi/4 or 9pi/4. The
phase space rotations corresponding to these FRFT’s are
shown in Fig.’s 5 b), 7a) and 7b). Then, provided that







We have S > 2 whenever f∆θ/2 < ∆ρ, a violation of
inequality (1). Given the size of the detection aperture
and optical systems used in the experiment reported in
[10], we calculate ∆θ/2 ≈ 0.42 and ∆ρ ≈ 6mm, which
gives a theoretical prediction of S = 2.6, a violation of
the CHSH inequality[41].
V. CONCLUSION
We have provided the theoretical basis behind a recent
Bell’s inequality experiment using transverse spatial de-
grees of freedom of photon pairs produced by paramet-
ric down-conversion [10]. The continuous spatial vari-
ables were dichotomized by dividing the detection re-
gions into two halves. Using simple optical systems to
implement the fractional Fourier transform of the signal
and idler fields, it is possible to measure a “generalized
momentum” of the down-converted photons. The coin-
cidence detection probability was calculated using mul-
timode quantum theory. The correlation functions and
Bell parameter S were calculated numerically, and shown
to violate the Bell-CHSH inequality. We also provided a
more intuitive picture of this experiment based on ray
optics and Klyshko’s advanced wave picture. Both the-
oretical calculations show that it is possible to violate
the Bell-CHSH inequality with transverse spatial degrees
of freedom of photon pairs, supporting the experimental
results obtained in Ref. [10].
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